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We analyze the dynamics of a Bianchi I cosmology in the presence of a viscous fluid, causally
regularized according to the Lichnerowicz approach. We show how the effect induced by shear
viscosity is still able to produce a matter creation phenomenon, meaning that also in the regularized
theory we address, the Universe is emerging from a singularity with a vanishing energy density
value. We discuss the structure of the singularity in the isotropic limit, when bulk viscosity is the
only retained contribution. We see that, as far as viscosity is not a dominant effect, the dynamics
of the isotropic Universe possesses the usual inviscid power-law behavior but in correspondence of
an effective equation of state, depending on the bulk viscosity coefficient. Finally, we show that,
in the limit of a strong non-thermodynamical equilibrium of the Universe mimicked by a dominant
contribution of the effective viscous pressure, a power-law inflation behavior of the Universe appears,
the cosmological horizons are removed and a significant amount of entropy is produced.
PACS numbers: 04.20.Dw, 04.40.Nr
Introduction
The initial cosmological singularity has been demon-
strated to be a true, generic property of the Universe
[1–3]. However, while the dynamics of the early Uni-
verse has been essentially understood, its physical and
thermodynamical nature is far to be under control. On
one hand, quantum gravity effects are able of altering
the standard dynamical features proposed in [2, 4, 5],
giving rise to fascinating alternatives (see for instance
[6],[7]) and particle creation effects can also be relevant
[8, 9]. Calling for attention is also the string cosmology
paradigm, as discussed for instance in [10]. On the other
hand, such an extreme region of evolution exhibits a rapid
expansion and non-trivial out-of-equilibrium phenomena
become possibly important, including the appearance of
viscous features in the cosmological fluid. More specif-
ically, one usually distinguishes the bulk viscosity from
the shear viscosity: while the former accounts for the
non-equilibrium effects associated to volume changes, the
latter is a result of the friction between adjacent layers
of the fluid. As a matter of fact, shear viscosity does
not contribute in isotropic cosmologies, whereas it may
significantly modify the dynamics of an anisotropic Uni-
verse, as we shall see below. The simplest representation
of a relativistic viscous fluid is provided by the so-called
Eckart energy momentum tensor [11]. However, this for-
mulation results to be affected by non-causal features,
allowing the propagation of superluminar signals [12].
In order to amend such a non-physical behavior, a re-
vised approach has been proposed by Israel [13], solving
the non-causality problem via the introduction of phe-
nomenological relaxation times. Having in mind the ba-
sic role the Bianchi I cosmology has in understanding the
generic behavior of an inhomogeneous Universe near the
singularity, in [14] and [15] such a model is studied as
sourced by a viscous fluid, in both the Eckart and in the
Israel approach respectively. One of the most intriguing
issue coming out from such a study must be undoubtedly
identified in the possibility of a singularity, from which
the Universe emerges with negligible energy density and
then a process of matter creation takes place.
In the present analysis, we face the study of this afore-
said peculiar solution in terms of an alternative causal
regularization of the Eckart energy-momentum tensor,
proposed by Lichnerowicz in [16]. Such a revised formu-
lation is based on the introduction of the so-called index
of the fluid, de facto a regulator scaling the four-velocity
field, so defining a dynamical velocity of the fluid. This
approach has been tested on some real systems, receiving
interesting confirmation to its viability [17, 18]. However,
being derived via a phenomenological approach, the Lich-
nerowicz energy momentum tensor must be completed by
the specification of an ansatz linking the fluid index to
the thermodynamical variables of the system, so closing
the dynamical problem. In what follows, we implement
the Lichnerowicz treatment to the viscous Bianchi I cos-
mology, by pursuing two different tasks. On one hand, we
study the solution with matter creation, fixing the fluid
index via the request of incompressibility. Results show
that the Universe evolves trough an intrinsic shear-driven
anisotropic solution, meaning that also in the Lichnerow-
icz scenario the solution with matter creation exists and,
actually, such a phenomenon is enhanced, being therefore
not related to non-physical effects of the Eckart formula-
tion. On the other hand, we analyze the isotropic limit
near the singularity, by reducing the three scale factors
of the Bianchi I model to be equal. The latter is known
in literature as the flat Robertson-Walker Universe, for
which only bulk viscosity may be relevant due to the ho-
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2mogeneity and isotropy of the model, preventing shear
among different layers. In this specific study we see that,
as far as bulk viscosity is not dominant, the regulariza-
tion provided by the index of the fluid preserves the same
power-law behavior of the inviscid isotropic Universe. In
other words, the bulk viscosity coefficient enters trough
an effective equation of state, ranging the same param-
eters domain of an ideal fluid (i.e. between dust and
stiff matter). Finally, we show how, if the bulk viscos-
ity becomes sufficiently dominant, it is possible to get an
equation of state having an effective polytropic index less
than 2/3, leading to a power-law inflation solution. The
latter is characterized by a massive entropy creation and
no longer causal separation exists across the Universe re-
gions.
Basic formalism
The Lichnerowicz original stress-energy tensor describ-
ing relativistic viscous fluids stands as follows [16]
Tµν = (ρ+ p)uµuν + pgµν −
(
ς − 2
3
η
)
piµν∇αCα
− ηpiαµpiβν (∇αCβ +∇βCα) ,
(1)
where ρ is the energy density, p is the pressure, gµν de-
notes the metric tensor with the signature (−+ ++) and
uµ is the four-velocity properly normalized as
uµu
µ = −1 . (2)
The bulk and shear viscous contributions are represented
by the ζ and η coefficients, respectively. Here,
piµν = gµν + uµuν (3)
is the projection tensor. Furthermore, Cµ represents the
so-called dynamical velocity which is related to uµ by
Cµ = Fuµ, (4)
F being the index of the fluid.
A simple algebra shows that expression (1) can be rear-
ranged as
Tµν = (ρ+ p
′)uµuν + p′gµν
− η F [∇µuν +∇νuµ + uµuα∇αuν + uνuα∇αuµ] ,
(5)
where p′ is the total pressure containing the standard
thermodynamical contribution and the negative compo-
nent due to viscosity, i.e.
p′ ≡ p− λ∇αCα, λ ≡ ζ − 2
3
η. (6)
The introduction of F was first due by Lichnerowicz in or-
der to describe viscous processes in relativistic dynamics,
attempting to avoid superluminal signals. We can think
of F as a contribution which eliminates the non-causality
features of the Eckart’s formulation by regularazing the
velocity (F will be therefore referred below as the reg-
ulator of the theory). The cosmological consequences
of the Lichnerowicz description in isotropic cosmologies
have been examined in [18]. In [17]-[20], the index of the
fluid is parametrized as
F =
p+ ρ
µ
, (7)
where µ is the rest mass-density which satifies the con-
servation law
∇α(µuα) = 0. (8)
The main advantages of the Lichnerowicz theory have
been pointed out in [18]. A key-point consists in the fact
that expression (5) reduces to the traditional description
provided by Eckart upon setting F = 1. Furthermore,
one of the main assumptions of the well-posedness theo-
rems requires that [19, 20]
F > 1. (9)
Lichnerowicz was lead to introduce a new formulation
for viscosity first because of the study of incompressible
perfect fluids for which the following relation holds
∇µCµ = 0. (10)
The basic aim of the present paper is to investigate the
dynamical role of the regulator F in two relevant asymp-
totic regimes. On one hand, we wondered how the solu-
tion with matter creation, derived in [14] for the Bianchi
I solution, depends on the causal regularization of the
theory (i.e. does this effect survive in the presence of
the Lichnerowicz formulation?). On the other hand, we
are interested to a cosmologically relevant regime, corre-
sponding to the flat isotropic limit, for which only the
bulk viscosity must be retained (the shear viscosity be-
ing suppressed due to the isotropy hypothesis). Both
these regimes are investigated via a power-law solution,
which is able to capture the dominant term behavior in
the asymptotic solution. Such a technique offers a sat-
isfactory answer to the questions above and follows the
original treatment in [14, 15]. Nevertheless, the cosmo-
logical relevance of the isotropic case leads us to numer-
ically investigate the dynamics of the system, even far
from the initial singularity. A subtle point in the Lich-
nerowicz approach to the regularization of a viscous fluid
is the determination of the regulator F in terms of the
thermodynamical parameters. The two relevant regimes
3here addressed require different descriptions for the reg-
ulator expression. The most delicate case is the one asso-
ciated to the matter creation, for which both the energy
density and the Universe volume vanish asymptotically
to the singularity. Then, the construction of a reliable
ansatz for large asymptotic values of F appears a non-
trivial task. Nonetheless, a simple solution to this puzzle
is offered by the condition of incompressibility defined
by (10), which, as we shall see below, is also appropriate
for the comparison to the original analysis in [14]. The
isotropic flat Universe case can be instead easily faced by
retaining the same choice as in [17], i.e. F is provided
by the ratio between the enthalpy and mass density of
the Universe as stated in (7). This formulation appears
well-grounded owing to the fact that the thermal history
of the Universe naturally ensures that F is large in the
early Universe and it tends to unity in the present stage
of evolution (say for a redshift z < 100, when the pressure
term becomes negligible).
Field equations
The line-element of the Bianchi I model in the syn-
chronous reference frame reads as
ds2 = −dt2 +R1(t)2 dx2 +R2(t)2 dy2 +R3(t)2 dz2 (11)
and hence the metric determinant is given by the follow-
ing relation
√−g = R1R2R3 ≡ R3. (12)
Above, x, y, z denote Euclidean coordinates and R1(t),
R2(t) and R3(t) are dubbed cosmic scale factors. As
well-known (see [3],[21] and [22]) such a model describes
in vacuum an intrinsic anisotropic Universe, but in the
presence of matter it can also admit the isotropic limit
[23]. Let us now introduce the following quantity
H ≡ (lnR).
=
1
3
(
R˙1
R1
+
R˙2
R2
+
R˙3
R3
)
.
(13)
where the dot denotes the time derivative. In order to
have a compatible system, we set up the Einstein equa-
tions in a comoving frame with the matter source in
which u0 = 1 and ui = 0, i = 1, 2, 3.
In this frame, p′ = p−λF˙ −3λFH and the stress-energy
tensor components are
T 00 = −ρ,
T ii = p
′ − 2ηF R˙i
Ri
.
(14)
Thus, the Einstein equations for the Bianchi I spacetime,
having the viscous Lichnerowicz tensor as source (here
only the ii and 00-components are non-vanishing), can
be written as
R¨2
R2
+
R¨3
R3
+
R˙2R˙3
R2R3
= −χ
(
p′ − 2ηF R˙1
R1
)
, (15)
R¨1
R1
+
R¨3
R3
+
R˙1R˙3
R1R3
= −χ
(
p′ − 2ηF R˙2
R2
)
, (16)
R¨1
R1
+
R¨2
R2
+
R˙1R˙2
R1R2
= −χ
(
p′ − 2ηF R˙3
R3
)
, (17)
R˙1R˙2
R1R2
+
R˙1R˙3
R1R3
+
R˙2R˙3
R2R3
= χρ, (18)
χ being the Einstein constant.
From the spatial components (15,16,17), it is possible to
show that the system admits the following integrals of
motion
R˙i
Ri
= H + siR
−3eϕ. (19)
Here ψ˙ ≡ −2χηF and the quantities si are such that
s1 + s2 + s3 = 0. The evolution of H is obtained using
the trace of the ii-components combined with the 00-
component (18) of the Einstein equation so getting
H˙ = χρ− 1
2
χh− 3H2 + 3
2
χζFH + χ(
1
2
ζ − 1
3
η)F˙ , (20)
where
h = ρ+ p (21)
represents the specific enthalpy. Moreover, the hydrody-
namic equations ∇νT νµ = 0 (only the 0-component is not
vanishing here) provide the following evolution for ρ
ρ˙ = −4χηFρ−3Hh+9H2ςF+12H2ηF+3HςF˙−2HηF˙ .
(22)
The first integrals (19) can be re-cast in a more compact
form by the use of (20) and (18) as
ρ =
1
χ
(
3H2 − q2R−6e2ϕ) , (23)
where q2 ≡ 12
(
s21 + s
2
2 + s
2
3
)
. It worth noting that setting
q2 = 0 corresponds to the isotropic case. Equations (13),
(20), (22) and (23) together with the ii-components of
the field equations represent the full set of the dynamical
equations characterizing the present model. In order to
close the system we introduce a polytropic index γ and
we consider an equation of state of the form
h =γρ, 1 ≤ γ ≤ 2 (24)
4where, e.g., γ = 1 corresponds to dust matter and γ = 43
to the radiation cases, respectively.
Asymptotic solutions with matter creation
As well known [1], approaching the initial singularity,
the Bianchi I solution in vacuum is Kasner-like and the
presence of a perfect fluid is negligible. In [14], it has
been shown instead that in the presence of a shear vis-
cous contribution the situation significantly changes but
a Kasner-like solution still exists and it is characterized
by a vanishing behavior of the energy density. Here, we
want to verify if such a peculiarity survives when the
Eckart representation of the viscous fluid is upgraded
in terms of the Lichnerowicz causal reformulation. It
is rather easy to realize via a simple asymptotic analysis,
that the ansatz in [17] fails in the region of small value
of ρ. In fact, the latter predicts F ∼ ρR3 and clearly
vanishes near the singularity if ρ ∼ 0 (as R3 is going nat-
urally to zero toward the singularity). In investigating
the solutions in this region we need therefore to search
for a different representation of F . A possibility is to in-
fer its form by picking the case of an incompressible fluid.
From equation (10) and by using the line-element (11),
one immediately gets the following expression for F
F =
F0
R3
, (25)
where we used the convention for which the subscript
number denotes an integration constant. The latter is
a convention which we will use throughout this paper.
Clearly, F grows to infinity as approaching the singular-
ity, without contradicting the constraint (9) and assuring
well-behaving solutions without superluminal signals. In
this regard, it is rather natural to realize that the value
of F should significantly grow in extremely relativistic
regimes as near the cosmological singularities. As sug-
gested in [14], we assume that in the region of low density
the viscous coefficients can be expressed as power-laws of
the energy density with exponents greater than unity,
i.e.,
η = η1ρ
α1 , ζ = ζ1ρ
β1 , ρ→ 0, α1 ≥ 1, β1 ≥ 1. (26)
It is worth noting that for an incompressible fluid the
ζ-terms automatically drop out from the field equations.
This is also the case treated in [14] because there the
bulk viscosity contributions is asymptotically negligible
for small energy densities, taking β1 > α1. In our analy-
sis, in order to search for a consistent solution, we assume
that the density vanishes faster than the volumeR3 as the
system approaches the singular point (H, ρ) = (+∞, 0)
in the (H, ρ) plane1. Moreover, in the right-handed side
of equation (20) we can retain the quadratic term in H
only. Then, the limiting form of the equations (20) and
(22) are
H˙ = −3H2, (27)
ρ˙ = −3γρH + 18η0F0 ρ
α1
R3
H2. (28)
It is easy to see that ϕ˙ → 0 as it contains a positive
power-law of the energy density and hence we can fix,
without loss of generality, ϕ ≡ 0. The constraint equa-
tion (23) reduces to the following relation
H =
√
3qR−3. (29)
Then, one can easily check that the leading order asymp-
totic solutions for t → 0 of the simplified Einstein equa-
tions (27), (28), (33) read as
H =
1
3t
, ρ = Kt
2
α1−1 , R3 =
√
3qt, (30)
Ri =
(√
3qt
)pi
, pi =
1
3
+
si
3q
(31)
where K is a constant depending on the parameters of
the model. In order the solutions to be asymptotically
self-consistent, the relations above are applicable only
when α1 > 3, slightly different with respect to the re-
sults given by the Eckart approach in [14] where α1 > 1.
It is worth noting that we found that the energy density
in this causal model decays more rapidly to zero with
respect to the non-regularized case studied in [14] by Be-
linskii and Khalatnikov (BK) where
ρBK ∼ t 1α1−1 , α1 > 1. (32)
In other words, we see how the Lichnerowicz approach
leads to a cosmological model in which the universe
emerges from the singularity with a greater matter-rate
creation with respect to the Eckart case.
Viscous dynamics in the isotropic Universe
We now focus our investigation in the opposite regime
where the energy density takes a diverging value near the
singularity. Then, let us consider the isotropic limit of the
solution, leading to the flat Robertson-Walker Universe,
by setting q2 = 0 in the first integral (23). The latter
1 Details about the dynamical study of the asymptotic solutions
in the Eckart representation can be found in [14].
5reduces to
ρ =
1
χ
3H2. (33)
As a natural consequence of isotropy and compatibility
issues with the Einstein equations, shear viscosity is not
permitted in the model and bulk viscosity is the only
retained contribution in the energy momentum expres-
sion (5). Indeed, in a homogeneous Universe, isotropi-
cally expanding, no friction between different layers can
occur and the shear viscosity can affect inhomogeneous
perturbations only. This set up has already been exam-
ined in [24] for an Eckart fluid via the dynamical system
approach, and in [17] via the Lichnerowicz treatment in
an attempt to explain dark-energy related current issues.
Here we drew our attention to the behavior of the solu-
tions in the limit of large density values. We address the
problem by parameterizing F according to expression (7)
or,
F =
γρR3
µ0
, (34)
where we have used the fact that µ = µ0R
−3 because of
the rest-mass conservation law (8). It is easy to check
that the time derivative of F yields
F˙ =
(
3H +
ρ˙
ρ
)
F. (35)
Then, in this limiting case, the Einstein equations take
the form
H˙ = χ
(
1− 1
2
γ
)
ρ− 3H2 + 3χζFH + 1
2
χζF
ρ˙
ρ
, (36)
ρ˙ = −3Hγρ+ 18H2ςF + 3HςF ρ˙
ρ
. (37)
For the bulk viscosity coefficient in the limit of large den-
sity, we still have a power-law behavior of the type:
ζ = ζ2ρ
β2 , ρ→∞, 0 ≤ β2 ≤ 1
2
. (38)
Notice that we are using a different subscript with respect
to equation (26), corresponding to a different asymptotic
region of the energy density. The solutions of the full-set
of the field equations given by (13), (33), (36) and (37)
are investigated assuming that the energy density and
the volume are evolving like powers of time according to
the relations
ρ = ρ0t
y, R3 = R30t
x, y < 0, x > 0, (39)
as the time t→ 0. As a consequence, the viscosity evolves
trough the following expression
ζ = ζ2ρ0
β2tβ2y. (40)
From equation (39) with the use of (13) we immediately
get
H =
x
3t
. (41)
Using equation (36) and being H˙ ∼ t−2, it is necessary
that y = −2 in order the system to be self-consistent.
Similar arguments lead us to conclude that
x = 2β2 + 1. (42)
Then, one finds the following evolutions in terms of t for
the energy density and the scale-factor
ρ =
x2
3χ
t−2, (43)
R = R0t
2
3γeff , γeff ≡ 2
2β2 + 1
. (44)
where we introduced an effective equation of state γeff .
One can check that γ is related to β2 via the following
expression
γ =
2
2β2 + 1
 1
1− 4β2(2β2 + 1)β2 ζ2R
3
0
(3χ)β2µ0
 . (45)
Furthermore, one can see that the regulator evolves with
time as
F ∼ t2β2−1 (46)
which is asymptotically growing when 0 ≤ β2 < 1/2 and
reduces to a positive constant when β2 = 1/2, leading
to well-behaving regularized solutions. An interesting
additional feature stands out from the behavior of the
scale factor R. When the Robertson-Walker geometry
is coupled to an ideal fluid the volume typically evolves
as RRW ∼ t 23γ . Here we observe that we still have an
isotropic limit, as it is found in [14], but instead of be-
ing negligible, the viscosity acquires a fundamental role
in the dynamics of the Universe, driving the evolution
trough an effective equation of state. Indeed, the range
of the possible values of R in (44) perfectly coincides with
the standard non-viscous homogeneous and isotropic uni-
verse. In particular,
• for β2 = 1/2 we have R ∼ t2/3: the universe maps
a dust-dominated Friedmann Universe with an ef-
fective equation of state γeff = 1;
• for β2 = 0 we get R ∼ t1/3: the solution evolves
toward a stiff-matter dominated Universe with an
effective equation of state γeff = 2;
which allows us to conclude that the introduction of F
in the Friedmann universe has the role to encode all the
viscous effects in the dynamics and what we see at the
end is the usual ideal fluid equation of state. We say in
6this sense that bulk viscosity is regularized.
Now we emphasize that by extrapolating our solutions to
the regime β2 > 1/2 we obtain an intriguing dynamical
property of the Universe. In fact, from equation (44) for
β2 = 1/2 + ε with ε > 0 we immediately get
γeff =
1
1 + ε
→ p = − ε
(1 + ε)
ρ. (47)
For ε > 1/2 (i.e. β2 > 1 and γeff < 2/3) this dynamical
behavior corresponds to a powerlaw inflation solution, in-
duced by a negative effective pressure p < −1/3ρ. Indeed,
it is easy to realize that the cosmological horizon
dh(t) ≡ R(t)
∫ t
0
dt′
R(t′)
(48)
takes in this case a divergent value. In this scenario the
Universe corresponds to a unique causal region and we
can think of it as a viable solution to the horizon para-
dox. It is worth noting that, since we are dealing with
an isotropic flat Universe, we get H ∼ √ρ (see equation
(33)). Then, the restriction β2 < 1/2 in the expression
(38), derived for an Eckart representation of the fluid
(F ≡ 1), acquires a clear physical meaning. In fact,
as far as such a restriction holds, the negative effective
pressure, due to bulk viscosity, behaves like ρβ2+1/2 < ρ,
for large ρ values. This means that the standard (pos-
itive) thermodynamical pressure p = (γ − 1)ρ remains
always the dominant contribution. This is coherent with
the idea that the bulk viscosity representation of non-
equilibrium effects is valid only on a perturbative level.
Clearly, the presence of the regulator F slightly changes
this situation since it enhances the weight of viscosity in
the dynamics and this is at the ground of the present
results. Nonetheless, the regime β2 > 1 can be qualita-
tive interpreted as a fluid-like representation for strong
non-equilibrium effects, not surprising in the limit of the
singularity, when the geometrical velocity of Universe col-
lapse diverges. Thus, the power-law inflation solution we
find in such an extreme regime can be thought as the
qualitative feature induced by a cosmological continu-
ous source, whose thermodynamical evolution can not
be approximated via equilibrium stages. If we accept a
fluid representation for such a limiting scenario, we can
argue that the superluminar geometrical velocity of the
early phases of the Universe expansion is able to open
the horizon size, making the cosmological space causally
connected as a whole.
It is now worthwhile to stress a remarkable feature of
the obtained solution which makes it essentially different
from the same limit treated in [14]. Indeed, there, the
isotropic solution was considered for t → 0− simply be-
cause it corresponds to a singular point in the dynamical
system approach of equations (13), (20), (22) and (23).
Here we deal with increasing t values and our dynamics
describes an expanding universe from the initial singu-
larity. This choice characterizing the evolution regime is
physically allowed when one considers the behavior of the
entropy per comoving volume. The latter has the form
σ ∼ ρ 1γR3 ∼ t2
(
1
γeff
− 1γ
)
. (49)
Since from equation (45) we see that
γ = γeff
 1
1− 4β2(2β2 + 1)β2 ζ1R
3
0
(3χ)β2µ0
 > γeff , (50)
it is straightforward to infer that the entropy per comov-
ing volume increases due to dissipation processes when
the universe expands. This brings us to conclude that
we are dealing with a cosmological paradigm in which
the universe emerges from the singularity causally con-
nected as a whole and with a significant entropy creation
(this effect is enhanced by increasing β2 values). This
suggests how extreme non-equilibrium thermodynamics
near the singularity could play a relevant role in solving
some unpleasant paradoxes of the standard cosmologi-
cal model, namely the horizon and entropy ones. Fur-
ther remarks should now be done about the obtained
solutions (41), (43), (44) and (46). Despite the power-
law approach given by (39) is able to provide a satisfac-
tory characterization of the asymptotic behavior of the
model under consideration, the underlying cosmological
relevance which comes with it leads us to support the
solutions with an additional numerical investigation. In
this regard, we show in the right panel of figure (1) how
the power-law approximation is largely predictive near
enough to the singularity, while discrepancies take over
as the Universe volume expands. On the other hand,
one expects that far from the singularity we assist to a
gradual decrease of the role of the viscosity. In figure
(1) (left panel) it is shown that the numerical solution
for large times tends to overlap the standard inviscid flat
Robertson-Walker dynamics. The cosmological picture
coming out is consistent with the paradigm of an Uni-
verse characterized by a viscous non-equilibrium dynam-
ics close to the Big-Bang whose viscous features are sup-
pressed as the volume expands, recovering the isentropic
homogeneous and isotropic Universe (as a consequence
of the decreasing value of the energy density). The nu-
merical analysis performed above enforces the idea that
strong viscous effects (happening for γeff < 2/3) can be
viewed as a consistent solution to the horizon and entropy
paradox, by means of a power-law dynamics in the very
early Universe evolution. We further make some consid-
erations about the stability of the obtained solutions. In
this regard, we observe that in [25] the problem of the
stability of a flat isotropic Universe has been analyzed in
presence of bulk viscosity, according to the Eckart for-
mulation. In the direction forward in time (the same one
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FIG. 1: (left) Numerical integration of the viscous isotropic model (continuous line). The power-law approximation, given by
the dashed line, is shown to give reliable predictions of the dynamics of the Universe near the singularity. (right) Far from the
singularity evolution of the viscous isotropic model. We see how the effect of viscosity is suppressed with time and the solutions
gradually approaches the inviscid Friedmann Universe (dashed lines).
we are interested here), it is shown how the Universe is
stable under scalar perturbations. This result is expected
to be maintained in the present formulation too, simply
because the regulator F (t) is large near the singularity
(according to the ansatz (7). By other words, one can
infer that the presence of F simply enhances the effect fo
the viscosity, preserving the stability properties derived
in [25]. This conjecture acquires a reliable meaning in
the considered power-law approximation of the solution,
where the presence of the regulator can be easily restated
in terms of an effective value for β2 in the corresponding
Eckart formulation (i.e. asymptotically to the singularity
F becomes a power-law in the energy density of the vis-
cous fluid). We conclude this section by observing that
the power-law solution (41), (43), (44) can be extended
to the negative and positive curved Robertson-Walker
geometry 2, as far as the effective polytropic index γeff
remains greater than 2/3. Under such a restriction, the
spatial curvature term (behaving like R−2), is asymptot-
ically negligible near the singularity with respect to both
the energy density ρ and the viscous contribution. The
situation is different in the case of the power-law infla-
tion, when γeff < 2/3, since the curvature term can play
a relevant role. However, this is a typical feature of the
inflationary-like solutions, whose existence requires the
spatial gradients to be sufficiently smooth [26]. From a
2 We remind the reader that the isotropic Bianchi I model actually
is the flat Robertson-Walker Universe
physical point of view, if we cut our asymptotic regime
at the Planck time (assuming that before the quantum
dynamics is concerned), we could require that the spatial
curvature is, at that time, sufficiently small and then it
will become negligible forward in time.
Conclusions
We have studied the influence of a viscous cosmological
fluid on the Bianchi I Universe dynamics in the neighbor-
hood of the initial singularity. The characterizing aspect
of the presented analysis consists of describing the vis-
cous fluid via the Lichnerowicz formulation, introducing
a causal regulator (the index of the fluid) in order to en-
sure a causal dynamics. We have also pointed out how
this additional new degree of freedom must be properly
linked to the geometrical and thermodynamical variables.
We have investigated the role of the two viscosity coef-
ficients in two different limits, when only one of them is
dynamically relevant. The shear viscosity has been taken
into account in the case of an incompressible fluid, eval-
uating the modification that the regulator introduces in
the well-known solution with matter creation derived in
[14]. We have shown that such a peculiar phenomenon,
characterized by an asymptotically vanishing energy den-
sity, not only survives in the Lichnerowicz formulation
but it is actually enhanced. The presence of a bulk vis-
cosity term has been analyzed in the isotropic limit of the
Bianchi I cosmology and again asymptotically to the ini-
tial singularity. We derived a power-law solution, which
8outlines some interesting features: i) the standard non-
viscous Friedmannian behavior is encountered when bulk
viscosity is a small deviation from equilibrium (β2 < 1/2),
but this time the fluid presents an equation of state with
an effective dependence on viscosity; ii) when bulk vis-
cosity fully dominates the dynamics with allowance made
for strong non-equilibrium effects (β2 > 1), we see that
the universe evolves trough a power-law inflation solution
to the initial singularity, implying the divergence of the
cosmological horizon and the subsequent disappearance
of the Universe light-cone. Entropy production has been
addressed in the isotropic Robertson-Walker limit and
specifically for dominant viscosity, where entropy tremen-
dously grows. Despite one may argue whether or not the
above-mentioned fluid description is possible in this ex-
treme regime of dominant bulk viscosity, the issues above
strongly suggest that a comprehensive understanding of
the Universe birth and of the so-called horizon and en-
tropy paradox can not be achieved before a clear account
of the non-equilibrium thermodynamical evolution near
the singularity will be properly provided.
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